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Abstract 
     In this paper we study some effects of −),( ϕθ derivations on centrally prime rings, and we try to extend 
some results on prime rings which are concerned with −),( ϕθ derivations to centrally prime rings and also 
we determine those conditions under which these extensions are allowed.  
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The Fundamentals:   
      Let R  be a ring .A non-empty subset  
of 

S
R  is said to be a multiplicative system  

in R  if  and   implies 
, [1]. Let  be a multiplicative 

system in 

S∉0 Sba ∈,
Sab∈ S

R  such that ,where 
 and   is 

the commutator defined by 

}0{],[ =RS
},:],{[],[ RrSsrsRS ∈∈= ],[ rs

rssr − . Define 
a relation (~) on  as follows :  SR ×
If  and  are in ),( sa ),( tb SR × , then 

 if and only if there exists 
 such that 

),(~),( tbsa
Sx ∈ 0)( =− bsatx .Since 

. We will show that (~) is an 
equivalence relation on .  

}0{],[ =RS
SR ×

Reflexivity: 
     if , where  and SRsa ×∈),( Ra∈ Ss∈ , 
then , so , and 
hence (~) is a reflexive relation on 

0)( =− asass ),(~),( sasa
SR × . 

Symmetry: 
     Let for  we have 

, where  and 
SRtbsa ×∈),(,),(

),(~),( tbsa Rba ∈, Sts ∈, , 
then there exists  such that 

, which gives 
Sk ∈

0)( =− bsatk 0)( =− atbsk ,  

and hence and thus (~) is a 
symmetric relation on . 

),(~),( satb
SR ×

Transitivity: 
     If SRurtbsa ×∈),(),,(),,( , are such 
that  and , where  ),(~),( tbsa ),(~),( urtb

Rrba ∈,,  and Suts ∈,,  then there exists 
Slk ∈, , such that  and 0)( =− bsatk

0)( =− rtbul , hence we get 
0)( =− bsatluk  and   that 

is, 
0)( =− rtbuksl

......lukbslukat = (1) 
and    

......kslrtkslbu = .(2). 
     But since }0{],[ =RS , so  
and  

kslbulukbs =
lktrskslrt = , and now use these in (1) 

and (2) we get , or lktrslktau =
0)( =− rsaulkt , where  which 

means that , thus (~) is a 
transitive relation on 

Slkt∈
),(~),( ursa
SR × . Hence (~) is an 

equivalence relation on . SR ×
     Now denote the equivalence class of 

 in ),( sa SR ×  by , and the set of all 
equivalence classes determined under this  

@

sa
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equivalence relation by SR , that is,   

 and )},(~),(:),{( tbsaSRtbsa ×∈=

}),(:{ SRsasaSR ×∈= . We define 

addition  and multiplication  on )(+ (.) SR   

as follows:  and  

 for all 
stbsattbsa )( +=+

,)(. stabtbsa = SRtbsa ∈, .It can 

be shown that these two operations are well-
defined and that .),,( +SR  forms a ring 

which is called the localization of R  at . S
Some Remarks 
     We mention to the following remarks 
which can be found in [1,2,3]. 
(i): SR  has the identity element though R  

does not have, in fact if  then  is 
the 

Ss ∈ ss

identity element of SR , and , for all 

. 
ttss =

Sts ∈,
(ii): If  and , then 

, and if 

,  then 

 

. 

Rba ∈, Ss ∈

sbasbsa )( +=+

Rnaaa ∈,...,, 21

=+++ snasasa )(...)()( 21

snaaa )...( 21 +++

(iii):  is the zero of s0 SR  for all Ss∈ , 

and , for all . ts 00 = Sts ∈,

(iv): If SRsa ∈ , where  and Ra ∈ Ss ∈  

then  is the additive inverse of  .  sa)(− sa

(v): If  in 0=sa SR , where  SsRa ∈∈ , , 

then there exists   such that St ∈ 0=ta .   
(vi): If R  is a commutative ring with 
identity then the equivalence class  is 

also denoted by 

sa

s

a
 [1] or by [3], and as 1−

SR  is also denoted by  [1,3]. RS 1−

Some Basic Definitions 
     Let R  be a ring.Then: 
(i): R  is called a prime ring if, whenever 

Rba ∈,  such that  then }0{=aRb 0=a  or  
0=b , and it is called a semiprime ring if 

}0{=aRa , then we have , where  0=a
}:{ RrarbaRb ∈=  [4]. It can be 

concluded that a prime ring is semiprime.  
(ii):An additive mapping  is 
called a derivation on 

RRD →:
R   if 

),()()( baDbaDabD +=  for all Rba ∈,  
[5,6]. 
(iii): If  is a positive integer then n R  is 
called an −n torsion free ring if for Rx ∈ , 

0=nx   implies  0=x [7]. 
(iv): If , then by RA ⊆ SA  we mean the 

set },:{ SsAasaSA ∈∈= .  

(v): An additive subgroup U  of R  is said 
to be a Lie ideal of R  if [ [8,9]. UR],U ⊆
(vi): R  is called a centrally prime ring if 

SR  is a prime ring for each multiplicative 

system  in S R  with [2]. }0{],[ =RS
(vii):A derivation  is called a 
centrally-zero derivation on 

RRD →:
R  if 

}0{)( =SD  for each multiplicative system 
 in S R  with }0{],[ =RS [2]. 

(viii): R  is said to satisfy the central 
commutativity property  if )(CCP SR  is a 

commutative ring for each multiplicative 
system  in S R  with [2].  }0{],[ =RS
(x): If ϕθ ,  are two endomorphisms of R , 
then an additive mapping  is 
called a 

RRD →:
−),( ϕθ  derivation on R  if 
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),()()()()( yDxyxDxyD θϕ +=  for all 

, and if Ryx ∈, A  is a nonempty subset of 
R  then an additive mapping  is 
called a generalized 

RRF →:
−),( ϕθ derivation on 

A  if there exists a −),( ϕθ derivation 
 such that RRD →:

),()()()()( yDxyxFxyF ϕθ +=  for all 
 [10,11]. Ayx ∈,

(xi):If  is a mapping then by 
we mean .In general, if  is any 

positive integer, then 

RRD →:
2D DD o n

nD  will mean 
 ( n  times). Finally if DDD ooo ... Rx ∈  

then by  we mean the mapping 
 which is defined by 

 for all 

xD
RRxD →:

)),(())(( rDxrxD = Rr ∈ . 
     Now we mention to the following 
results,  
The proofs of which can be found in the 
Indicated references. 
Lemma A [2] 
     Let R  be a ring and  a multiplicative 
system in 

S
R  such that }0{],[ =RS . If 
 is a centrally zero derivation on RRD →:

R , then SRSRD →∗ : , defined by 

, for all srDsrD ))(()( =∗ SRsr ∈ , is a 

derivation on SR .(is called the induced 

derivation by . )D
Theorem B [12] 
     Let R  be a 2-torsion free semiprime ring 
, U  a Lie ideal of R  and  a derivation of D
R  such that , for all 0)( =unD Uu ∈ , 
where ≥ 1, is a fixed integer, then 

. 
n

}0{)(D =U
     Since every prime ring is semiprime so 
Theorem B, remains valid if we replace the 
word “ semiprime “ by the word “ prime “. 
Theorem C [11] 

     Let R  be a ring 2-torsion free prime ring 
, U  a Lie ideal of R  such that  , for 
all 

Uu ∈2

Uu ∈ .Suppose that θ  is an 
automorphism of R .If  is an 
additive mapping satisfying 

, for all , then 
either 

RRD →:

)()(2)( 2D = uDuu θ Uu ∈
}0{)( =UD  or . )(RZU ⊆

Theorem D [10] 
     Let R  be a 2-torsion free prime ring , U  
a non zero Lie ideal of R  such that  

, for all Uu ∈2 Uu ∈ . Suppose that θ  is 
an automorphism of R  and  is a 
generalized 

RRF →:
−),( θθ derivation associated 

with a derivation . Then: D
(i): If  acts as a homomorphism on U , F
then either 0=D  on R  or . )(RZU ⊆
(ii): If  acts as anti-homomorphism on 

, then either 
F

U 0=D  on R  or . )(RZU ⊆
Theorem E [4] 
     Let R  be a prime ring and K  a non zero 
ideal of R  and let ϕθ ,  be automorphisms 
of R . Suppose that  is a RRD →:

−),( ϕθ  derivation of R . 
(i): If  acts as a homomorphism on D K , 
then 0=D  on R . 
(ii): If  acts as anti-homomorphism on D
K , then 0=D  on R . 
     Throughout this paper all rings under 
consideration are with non-zero center, 

. )(RZ
The Main Results 
     First we prove two lemmas which will 
lead to the first result of this paper. 
Lemma 1 
     Let R  be a ring in which  contains 
no proper zero divisors of 

)(RZ
R  then 

}0{)( −RZ  is a multiplicative system in 
R and }0{],}0{)([ =− RRZ . 
Proof 
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     It is clear that .Now let  

, then  and 
since  has no proper zero divisors of 

}0{)(0 −∉ RZ
}0{)(, −∈ RZba )(RZab ∈

)(RZ
R  and  so , that is 

. Hence  is a 
multiplicative system in 

0,0 ≠≠ ba 0≠ab
}0{)( −∈ RZab }0{)( −RZ

R  and since  
is a commutative subring of 

)(RZ
R , one can 

easily show that  }0{],}0{)([ =− RRZ . 
Lemma 2 
     If R  is a ring which satisfies  and 

 contains no proper zero divisors then 
)(CCP

)(RZ
R  is commutative.  
Proof 
     By Lemma 1, we have }0{)( −= RZS  
is a multiplicative system in R  and  

 and since }0{],[ =RS R  satisfies  )(CCP

so SR  is commutative. To show R  is 

commutative. Let , then  fix 
, and so 

Ryx ∈,
Ss ∈ SRsysx ∈, . Hence 

 and then we get 

, which means there 
exists  such that 

sxsysysx =

=−=− ssyxssxyssyxxy )()()(  

0=− sxsysysx
St ∈ 0)( =− yxxyt . Since 

 contains no proper zero divisor of )(RZ R  
so , that is 0=− yxxy yxxy =  and thus R  
is commutative. 
    Let us introduce the following definition.  
Definition 
     Let R  be a ring. We call a Lie ideal U  
of R  a centrally closed Lie ideal of R  if 

 for each multiplicative system  
of 

UUS ⊆ S
R  with , where 

. 
}0{],[ =RS

},:{ SsUuusUS ∈∈=
     Now we prove the following result. 
Lemma 3 
     Let R  be a ring and  a multiplicative 
system in 

S
R  with .If  is a 

centrally closed Lie ideal of 

}0{],[ =RS U

R , then SU  is 

a Lie ideal of SR . 

 
Proof  
     φ≠S  implies that there exists . Ss ∈
Since U∈0  so SUs ∈0  and thus 

SRSU ⊆≠φ . If SUtvsu ∈, , where 

Uvu ∈,  and Sts ∈, . Then we have 
=−+=−+=− stvsuttvsutvsu ))(()(

SUstvsut ∈− )( (Since  so Uvsut ∈,

Uvsut ∈−  and Sts ∈,  implies Sst ∈ ). 
Hence SU  is a subgroup of SR .To show 

SUSRSU ,[ ⊆] .Let SRtrSUsu ∈∈ , , 

where StsRrUu ∈∈∈ ,,, .  
Then 

=−= sutrtrsutrsu ],[ =− struur )(  

 (Since   and SUstru ∈]),([ URU ⊆],[

Sst ∈ ). Hence SUSRSU ⊆],[ , and thus 

SU  is a Lie ideal of SR . 

     Now we are able to give the first result 
of the paper. 
Theorem 4 
     Let R  be a 2-torsion free centrally prime 
ring in which  has no proper zero 
divisors and U  is a centrally closed Lie 
ideal of 

)(RZ

R .If R  admits a centrally zero 
derivation  such that 

 for all 
RRD : →

,0)( =uDn Uu ∈ , where ≥ 1 is a 
fixed integer, then  for all 

n
,0)( =uD Uu ∈ . 

Proof 
     By Lemma 1, we have }0{)( −= RZS  
is a multiplicative system in R  with 

}0{],[ =RS . Now we have SR  is a 2-
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torsion free prime ring, and by Lemma 3, 

SU  is a Lie ideal of SR . Since  is a 

centrally zero derivation on 

D

R  so by 
Lemma A, SRSRD →∗ : , which is 

defined by , is a 

derivation on 
srDsrD ))(()( =∗

SR . Now if  SUsu ∈  is any 

element, where , then we have 

 . Hence 

SsUu ∈∈ ,

=∗ )( suDn 00))(( == ssuDn
SR  

is a 2-torsion free prime ring (and hence a 
2- torsion free semiprime ring), SU  is a Lie 

ideal of SR  such that  is a derivation of ∗D

SR  with , for all 0)( =∗ suDn
SUsu ∈ . 

Thus by Theorem B, we get   

for all 

,0)( =∗ suD

SUsu ∈ . Now fix an element 

. If  is any element then  St ∈ Ux ∈

SUtx ∈ , and hence 

 which means that 
there exists  such that 

0)())(( =∗= txDtxD
Su ∈ 0)( =xuD  and 

since  contains no proper zero 
divisors of 

)(RZ
R  and  so we 

get , and this result is true for all 
. Thus  for all 

)(0 RZSu ⊆∈≠
0)( =xD

Ux ∈ ,0)( =uD Uu ∈ . 
     Now we prove some results which will 
lead to the second result of this paper.  
Lemma 5 
     If R  is an torsion free ring and  is 
a multiplicative system in 

−n S
R  with 

, then }0{],[ =RS SR  is also an −n torsion 

free ring. 
Proof 
     The proof is trivial. 
Proposition 6 

     Let R  be a ring and  a multiplicative 
system in 

S
R  with . If }0{],[ =RS

RR →:θ  is an automorphism of R  which 
acts as the identity map on , then S

SRSR →′ :θ , defined by 

 for all  ,))(()( srsr θθ =′ SRsr ∈ , is an 

automorphism of SR . (We call θ ′ , the 

induced endomorphism by θ ).  
Proof 
     Let SRtbsa ∈, , where  and Rba ∈,

 Sts ∈, . 

 

 

 

=+′=+′ ))(()( stbsattbsa θθ

=+=+ stbsatstbsat ))()(())(( θθθ

+=+ sttastsbta ))(())()(( θθθ

=+= sstbttsatssb ))(())(())(( θθθ

)()())(())(( tbsatbsa θθθθ ′+′=+ . 

Also we have  =′=′ ))(()( stabtbsa θθ

=stab))((θ   

. Hence 

=stba ))()(( θθ

=tbsa ))(())(( θθ )()( tbsa θθ ′′ θ ′  

is an endomorphism of SR . 

     To show that θ ′  is a bijective mapping. 
Let . Then .So that 

. Hence there exists  such 
that 

θ ′∈ Kersa 0)( =′ saθ

0))(( =saθ St ∈
0)( =atθ . Then 0)()( =at θθ . 

Therefore 0)( =taθ , so that θKerta ∈ , 
and since θ  is one to one, so we get 

0=ta .Then, 
. 00)( ==== tststasattsa

So }0{=′θKer , and hence θ ′  is one to 
one. If SRuy ∈ , for  and Ry ∈ Su ∈ . 

Then there exists  such that Rx ∈
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yx =)(θ .Then SRux ∈  and 

.So that uyuxux ==′ ))(()( θθ θ ′  is 

onto.Hence θ ′  is an automorphism of SR . 

     Now we introduce the following 
definition. 
Definition 
     Let R  be a ring. We say, a mapping 

 satisfies central identity 
property  if for each multiplicative 
system  in 

RRf →:
)(CIP

S R  with  we have }0{],[ =RS
ssf =)( , for all . Ss ∈

     Now we give the second result of this 
paper. 
Theorem 7 
     Let R  be a 2-torsion free centrally prime 
ring in which  has no proper zero 
divisors and U  is a centrally closed Lie 
ideal of 

)(RZ

R  such that  for all 
. If 

,2 Uu ∈
Uu ∈ θ  is an automorphism of R  

which satisfies  and   is 
an endomorphism which satisfies  

and  for all  

)(CIP RRD →:
)(CIP

),()(2)( 2 uDuuD θ= Uu ∈ , 
then either  or . }0{)( =UD )(RZU ⊆
Proof  
By Lemma 1, we have }0{)( −= RZS is a 
multiplicative system in R with }0{],[ =RS . 
Also by Lemma 5, we have SR  is a 2-

torsion free prime ring, and by Lemma 3, 

SU  is a Lie ideal of SR . Also for all 

SUsu ∈  we have  

(since  for all  and 

).Let 

SU
s

usu ∈= 2
22 )()(

,2 Uu ∈ Uu ∈

Ss ∈2
SRSR →′ :θ , be the induced 

automorphism  of Proposition 6, which is 
defined by  and also 

define 

,))(()( srsr θθ =′

SRSRD →′ : , by 

 for all srDsrD ))(()( =′ SRsr ∈ . Now to 

show that D′  is an additive mapping. Let 

SRtbsa ∈, , where  and Rba ∈, Sts ∈, .  

We have 

  

=+′=+′ ))(()( stbsatDtbsaD

=+=+ stbsDatDstbsatD ))()(())((

+=+ taDstsDbDtDaD )(())()()()((  

  =stsbD ))( =+ tssbDsttaD ))(())((

+=+ saDsstbDttsaD ))(())(())((  

=tbD ))(( )()( tbDsaD ′+′ . So  is an 

additive mapping. If 

D′

SUsu ∈  is any 

element, where Uu ∈  and , then we 
have 

 

 

. Thus 

Ss ∈

==′=′ 2
2

2
22 ))(())(())((

s
uD

s
uDsuD

=ssuDu ))()(2( θ

=+ ssuDuuDu ))()()()(( θθ

=+ ssuDussuDu ))()(())()(( θθ

=+ suDsusuDsu ))(())(())(())(( θθ

=′′+′′ )()()()( suDsusuDsu θθ

)()(2 suDsu ′′θ SR  is a 2-torsion 

free prime ring, SU  is a Lie ideal of SR  

with ,)( 2
SUsu ∈  for all SUsu ∈ .Also 

θ ′  is an automorphism of SR  and D′  is an 

additive mapping of SR  such that 

 , for all =′ ))(( 2
suD )()(2 suDsu ′′θ

SUsu ∈ .Hence by Theorem C, we get 
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either }0{)( =′ SUD  or )( SRZSU ⊆ . 

Let }0{)( =′ SUD .To show .Let 

 be any element, then for a fixed 
 we have  so 

there exists  such that 

0=U

Uu ∈
Ss ∈ 0)())(( =′= suDsuD

St ∈ 0)( =utD  and 
since  contains no proper zero 
divisors of 

)(RZ
R  so  which means 

that . If 
0)( =uD

}0{)( =UD )( SRZSU ⊆ .To   

show that .Let , and fix 
, then for all 

)(RZU ⊆ Uv∈
St ∈ Rr ∈ , we have  

0],[ =srtv  and hence 
 

0],[]),([ == srtvtsrv , which implies that 
there exists  such that Sw∈ 0],[ =rvw , and 
since  contains no proper zero 
divisors of 

)(RZ
R  so we get . Hence 
. 

0],[ =rv
)(RZU ⊆

     Now we prove some results which will 
lead to the next result of the paper.     
Proposition 8 
     Let R  be a ring and  a multiplicative S
system in R  with .If }0{],[ =RS ϕθ ,  are 
two endomorphisms of R  which act as the 
identity map on  and  is a S D −),( ϕθ  
derivation such that , then }0{)( =SD

SRSRD →′ : , defined by 

 for all ,))(()( srDsrD =′ SRsr ∈  is a 

−′′ ),( ϕθ derivation of SR , where ϕθ ′′,  

are endomorphisms of SR .  
Proof 
     It is easy to show that  is an additive 
mapping. Now consider the induced 
endomorphisms 

D′

θ ′  and ϕ′  of Proposition 
6, which formed from the endomorphisms 
θ  and ϕ .Then we have 

 

 

.Hence 

==′=′ stabDstabDtbsaD ))(())(()(

=+ stbDabaD ))()()()(( θϕ

=+ stbDastbaD ))()(())()(( θϕ

=+ tbDsatbsaD ))(())(())(())(( θϕ

)()()()( tbDsatbsaD ′′+′′ θϕ D′  is 

a −′′ ),( ϕθ derivation of SR .(Note that we 

call D′  the induced −′′ ),( ϕθ derivation by 
the −),( ϕθ  derivation ). D
Corollary 9 
     Let R  be a ring and  a multiplicative S
system in R  with .If }0{],[ =RS ϕθ ,  are 
two automorphisms of R  which act as the 
identity map on  and  is a S D

−),( ϕθ derivation such that }0{)( =SD , 
then SRSRD →′ : , defined by 

 for all ,))(()( srDsrD =′ SRsr ∈  is a 

−′′ ),( ϕθ derivation of SR . 

Proof 
     Since every automorphism of a ring is 
also an endomorphism, so by applying 
Proposition 8, the result will follows. 
Proposition 10 
     Let R  be a ring and  a multiplicative 
system in 

S
R  with .If }0{],[ =RS θ  is an 

automorphism of R  which acts as the 
identity map on S  and  is a 
generalized 

RRF →:
−),( θθ derivation with the 

associated −),( θθ derivation , such that D
}0{)( =SD , then SRSRF →′ : , defined 

by  for all ,))(()( srFsrF =′ SRsr ∈ , is a 

generalized −′′ ),( θθ  derivation associated 
with the −′′ ),( θθ derivation . D′
Proof 
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     Since  is a D −),( θθ derivation and  
a generalized 

F
−),( θθ derivation associated 

with , so that  and 
 are additive mappings such that 

D RRD →:
RRF →:

),()()()()( yDxyxDxyD θθ +=  for all 
, and Ryx ∈,

),()()()()( yDxyxFxyF θθ +=  for all 
.Since Ryx ∈, θ  is an automorphism 

of R  which acts as the identity map on , 
so by Proposition 6, 

S

SRSR →′ :θ  which 

is defined by , is an 

automorphism of 
srsr ))(()( θθ =′

SR .Then by Corollary 9, 

SRSRD →′ : , which is defined by 

is a ,))(()( srDsrD =′ −′′ ),( θθ derivation. 
To show  is a generalized F ′ −′′ ),( θθ  
derivation with the associated −′′ ),( θθ  
derivation .Let D′ SRtbsa ∈,  for 

 and . Now if  then 
there exists  such that 

Rba ∈, Sts ∈, tbsa =

Sk ∈ 0)( =− bsatk , 
hence , and now kbskat =

=′=′=′ ))(()()( kstkatFttsakkFsaF  

)()())(( tbFsstbkkFktskbsF ′=′=′ . So  

 is well defined. As in Theorem 7, we 
can show that   is an additive  mapping. 
Finally, we have 

 

F ′
F ′

==′=′ stabFstabFtbsaF ))(())(()(

=+ stbDabaF ))()()()(( θθ

=+ stbDastbaF ))()(())()(( θθ

=+ tbDsatbsaF ))(())(())(())(( θθ

)()()()( tbDsatbsaF ′′+′′ θθ .Hence F ′  is 
a generalized −′′ ),( θθ derivation with the 
associated −′′ ),( θθ derivation D′ . 

     Now it is the time to introduce the 
following definition. 
Definition 
     By a centrally zero −),( ϕθ derivation 
we mean a −),( ϕθ derivation which  also is 
centrally zero. 
 
Theorem 11 
     Let R  be a 2-torsion free centrally prime 
ring in which  contains no proper zero 
divisors of 

)(RZ
R  and U  be a nonzero centrally 

closed Lie ideal of R  with  for all ,2 Uu ∈
Uu ∈ . Suppose θ  is an automorphism of 

R  and  is a generalized RRF →:
−),( θθ derivation with the associated 

centrally zero −),( θθ derivation . Then: D
(i): If  acts as a homomorphism on U , 
then either 

F
0=D  on R  or . )(RZU ⊆

(ii): If  acts as anti-homomorphism on 
, then either 

F
U 0=D  on R  or . )(RZU ⊆
Proof 
     Since  is a D −),( θθ derivation and  
is a generalized 

F
−),( θθ derivation 

associated with , so  and 
 are additive mappings such that 

D RRD →:
RRF →:

),()()()()( yDxyxDxyD θθ +=  for all 
Ryx ∈, , and 

),()()()()( yDxyxFxyF θθ +=  for all 
Ryx ∈, . Now by Lemma 1, we have 

}0{)( −= RZS  is a multiplicative system 
in R  with }0{],[ =RS . Since R  is a 2- 
torsion free centrally prime ring so by 
Lemma 5, we get SR  is a 2-torsion free 

prime ring and by Lemma 3, we get SU  is 

a Lie ideal of R . Since φ≠S , fix an 
Ss ∈ . If 0=SU , then for any , we 

have 

Uu ∈

SUsu ∈ , and thus , which 0=su
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means there exists  such that St ∈ 0=tu , 
and as  and  
contains no proper zero divisors of 

)(0 RZSt ⊆∈≠ )(RZ
R  we 

get , and this result is true for all 
, so that  which is a 

contradiction and hence 

0=u
Uu ∈ 0=U

0≠SU . Now if 

SUsu ∈ , where , then 

(Since 

). Also by Proposition 10, 
we have 

SsUu ∈∈ ,

SU
s

usu ∈= 2
2

2)(

SsUu ∈∈ 22 ,

SRSRF →′ : , defined by 

 is a generalized ,))(()( srFsrF =′

−′′ ),( θθ derivation with the associated 
−′′ ),( θθ derivation .Thus D′ SR  is a 2-

torsion free prime ring and SU  is a nonzero 

Lie ideal of SR  with ,)( 2
SUsu ∈  for all 

SUsu ∈ . That is, θ ′  is an automorphism 

of SR  and  is a generalized F ′ −′′ ),( θθ  

derivation with the associated −′′ ),( θθ  
derivation . D′
(i): If acts as a homomorphism on U . F
To show  acts as a homomorphism on F ′

SU . So let SUtvsu ∈, , where Uvu ∈,  

and .Then since  is additive so  
, and also 

Sts ∈, F ′

)()()( tvFsuFtvsuF ′+′=+′

 we have 
 

. Hence  acts as a 

homomorphism on 

==′=′ stuvFstuvFtvsuF ))(())(()(

== tvFsuFstvFuF ))(())(())()((

)()( tvFsuF ′′ F ′

SU . Hence by 

Theorem D, we get either  on 0=′D SR  

or  )( SRZSU ⊆ . As φ≠S , fix an Ss ∈ . 

If }0{)( =′ SRD , to show .Let }0{)( =RD

Rr ∈  be any element, then SRsr ∈ . So 

.Since  
contains no proper zero divisors it can be 
shown that 

0)())(( =′= srDsrD )(RZ

0)( =rD , which in 
consequence, implies that , that 
is 

}0{)( =RD
0=D .If  )( SRZSU ⊆ , to show 

.Let )(RZU ⊆ Uu ∈  and let  be 
any element. Then 

Ra ∈
)( SRZSUsu ⊆∈ , and 

SRsa ∈ .Hence 

.So there exists 0],[]),([ == sasussau
St ∈  such that 0],[ =aut , where 

)(0 RZSt ⊆∈≠ , and as  contains 
no proper zero divisors we get 

)(RZ
0],[ =au , 

which means, }0{],[ =RU , that is,  
. )(RZU ⊆

(ii): If  acts as anti-homomorphism on 
, then as the same as in (i), we can prove 

that 

F
U

F ′ acts as anti-homomorphism on SU , 

and hence either 0=′D  or )( SRZSU ⊆ . 

Again as in (i), we get either 0=D  or 
. )(RZU ⊆

Theorem 12 
     Let R  be a centrally prime ring in 
which  contains no proper zero 
divisors of 

)(RZ
R  and K  is a nonzero ideal of 

R .Suppose that ϕθ ,  are automorphisms of 
R  satisfy  and  is a 
centrally zero 

)(CIP RRD →:
−),( ϕθ  derivation of R . 

(i): If  acts as a homomorphism on D K , 
then 0=D  on R . 
(ii): If  acts as anti-homomorphism on D
K , then 0=D  on R . 

 38



 
 
(JZS) Journal of Zankoy Sulaimani, December 2008, 10(1) Part A  

@@ôäbáŽïÝ@õüÙäaŒ@õŠbÄü LôàóØóî@ôäíäbØ@2008@ÃŠói@10I1@H@ð’ói A@ @

 
Proof == tbDsaDstbDaD ))(())(())()((  
     By Lemma 1,  is a }0{)( −= RZS

)()( tbDsaD ′′ . Hence by Theorem E, we 

get }0{)( =′ SRD .Now if Rr∈  is any 

element, then we have SRsr ∈ .Thus  

multiplicative system in R  with 
. Fix an  (Since }0{],[ =RS Ss ∈ )φ≠S . 

Then by by Proposition 6, ϕθ ′′,  are 
automorphisms of SR  and by Corollary 9, 

 is a D′ −′′ ),( ϕθ derivation.If 0=SK , then 

for any , we have , and hence 
there exists  such that .Since 

 and  has no proper 
zero divisors, so we get , that means 

 which is a contradiction. Thus 

Kk∈ 0=sk
St ∈ 0=tk

)(0 RZSt ⊆∈≠ )(RZ
0=k

0=K SR  is 
a prime ring, SK  is a nonzero ideal of SR , 
and ϕθ ′′,  are automorphisms of SR  with 

 as aD′ −′′ ),( ϕθ  derivation of SR .  

0)())(( =′= srDsrD . Hence there exists  
St∈  such that 0)( =rtD , and as  has 

no proper zero divisors we get , 
and hence 

)(RZ
0)( =rD

}0{)( =RD , that is  on 0=D R . 
(ii): If  acts as anti-homomorphism on D
K , by using the same technique as in (i), 
we can show D′  acts as anti-
homomorphism on SK , and hence we get, 

as before, that  0=D  on R . 
 
 

(i): If  acts as a homomorphism on D K , to 
show  acts as a homomorphism on  D′

 

SK .Now for all SKtbsa ∈, , where Kba ∈,  
and  we have Sts ∈,

==′=′
stabDstabDtbsaD ))(())(()(    
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